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Abstract—A general formalism is presented for the combined diffusion and forced flow of a binary gas

mixture through a porous medium. The resulting equations are then specialized to handle the vapor region of

a porous material which is drying according to a receding evaporation front model. Solutions presented for

various permeabilities and temperatures give the conditions under which air is present in the pores and allow

one to investigate the usefulness of the ‘boiling’ concept for the drying of low permeability materials.

Evaporation front motion together with the water loss rate is examined for different curvilinear geometries
both analytically and numerically.

NOMENCLATURE
C, constant defined in equation (72});
Dy, binary gaseous diffusion coefficient;
Dy, Knudsen diffusion coefficient;
J, flux [number/(area x time)];
k, Boltzmann constant;
ki thermal conductivity;

L, latent heat of vaporization;

1, normalization length;

m, geometry indicator;

m, ,, mass of gas molecule;

n, number density;

. pressure;

R, mean pore radius;

r, position coordinate ;

S, constant defined by equation (45);

T, temperature;

t, time;

u, evaporation front velocity;

v, mean gas velocity in axial direction;

o't thermal velocity ;

Uips Darcy velocity, equations (24) and (25)
only;

X, external force exerted on gas i molecules;

Greek symbols

o, thermal diffusivity;

7, dimensionless constant defined by equa-
tion (67);

o, dimensionless constant defined by equa-
tion (92);

1, dimensionless constant defined by equa-
tion (37);

X, permeability;

U, viscosity of gas mixture;

o, mass density ;

&, dimensionless constant defined by equa-
tion (38);

@, porosity.

Subscripts
a, air;

amb, ambient (drying atmosphere);

f, evaporation front;

i, gas component 1 or 2;

K, Knudsen;

1, liquid;

0, reference condition ;

v, vapor;

vap,  equilibrium vapor.
Superscripts

th, thermal;

’ quantity evaluated in moving coordinate

system;
, averaged over pore diameter;
s non-dimensional.

1. INTRODUCTION

WATER loss by evaporation from porous materials is
an area of study which has many diverse applications.
Early work in this area was concerned mostly with
agricultural applications [1, 2] (drying of soils) and
industrial applications in the field of chemical
engineering [3]. More recent work has expanded to
include the drying of concrete [4], and other molded
materials [5]. Still another area of interest has opened
up due to investigations of the use of geological
formations as repositories for nuclear waste canisters
[6]- In the latter case, heat generated by the waste
canisters leads to drying of the surrounding rock.
Several decades of research in the area of drying of
porous solids has led to the acceptance of two main
theories of drying. In the first, movement of water takes
place to the drying surface as the result of capillary
forces acting within the pores. This kind of model has
led to a ‘diffusion’ theory governed by a highly non-
linear diffusion equation [7], and has received con-
siderable attention in the soil physics literature. In the
second, water transport occurs as a vapor through a
region of ‘dry” material from a receding evaporation
front. Usually the liquid or ‘wet’ region is taken as
stationary, with front ‘motion’ occurring only due to
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evaporation into the vapor phase. The latter model
seems most applicable where water loss rates are high
and capillary forces are not sufficient to smear out the
front. Drying which takes place at elevated tempera-
tures is one example where conditions are likely to
favor the evaporation front model over the diffusion
model. The remainder of this paper will concentrate
exclusively on the evaporation front model.

The primary emphasis of the present paper is on a
more complete treatment of the vapor region in an
evaporation front drying process. Gupta [8] and
Mikhailov [9] treat the front as being controlled by
heat balance, in which case a detailed treatment of the
vapor region is unnecessary. Such a model is only
applicable in situations where the evaporation front is
at a known temperature, or other information con-
cerning the temperature profile is available. The calcu-
lation thus reduces essentially to a solution of the heat
equation with latent heat effects included at the front
position. Mikhailov [9] has also included a calculation
in which the vapor flux is governed by Darcy’s law, as
have Cross et al. [10] and Hohlfelder and Hadley [6].
This treatment is shown below to be valid only within
certain parameter regimes since it ignores binary gas
effects such as diffusion as well as molecular effects
which are important for materials with a small average
pore size. In general, these refinements may not be
ignored except in certain special cases which will be
examined in detail below.

The theoretical treatment presented here is of
sufficient generality to include most of the cases
mentioned above. It does, however, necessitate some
simplifying assumptions which are as follows:

(1) All effects arising from surface tension forces are
excluded. All liquid water is assumed stationary.

(2) The porous medium is assumed to have a
unimodal pore distribution, so that a well-defined
average pore radius exists. The pore structure is
modeled as straight capillary tubes.

(3) The vapor flux emanating from the evaporation
front is sufficiently small so that the partial pressure of
water vapor at the front is given by the equilibrium
value.

(4) Both air and water vapor are treatable as ideal
gases.

(5) All viscous flow is assumed to be laminar
(obeying Darcy’s law at high pressures).

(6) A sharply-defined evaporation front is assumed
to separate a region of 1009 saturation (all voids filled
with liquid H,O) from a region of zero saturation (all
voids contain gases only).

(7) Vapor motion velocities are large compared
with front velocities so that all vapor obeys the steady
state continuity equation at any given time.

2. GENERAL VAPOR REGION EQUATIONS

The diffusion and flow of a mixture of gases through
a porous medium is a very complex and difficuit
problem. The most thorough treatment of this prob-
lem appears to be the series of articles by Mason,
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Evans and Watson [11-13], culminating several years
later in the paper by Mason, Malinauskas and Evans
[14]. Although the transport equations derived in this
section are essentially identical to those presented by
Mason et al. [14], a thorough derivation is included
herein for two reasons: (i) the result is obtained in a
simpler manner than the previous development, and
(i1) their additive relation for viscous effects is shown to
arise naturally from a coordinate transformation.
Let us first consider the flow and diffusion of a
binary gas system through a single capillary tube of
fixed radius R. Hirschfelder, Curtiss and Bird [15]
show that the momentum equation for such a mixture
is identical to that for a single gas if the gas velocity is
replaced by the mass average velocity of the mixture.
Consequently we have for steady non-accelerating

flow
p ud [ ov
a=ra(s) m

where z and r are the axial and radial coordinate,
respectively, u is the mixture viscosity, and

p = Mmb + Mmanyty Py + Paly

myh, + myn, p

@)

The subscripts 1 and 2 refer to the component gases.
The solution to equation (1) for dp/dz constant is the
well-known equation for Hagen—Poiseuille flow

2~ R?dp

v(r) = vy + .
(r) ° 4u 0Oz

3)
The mean velocity is found by averaging equation (3)
over the cross-section of the tube, and is
R? dp

p = Dy — — = 4

v =1y 84 0z 4
The so-called ‘slip velocity’ v, arises from molecular
interactions and is thus directly related to the pheno-
mena of Knudsen diffusion and binary gaseous dif-
fusion. The mass average velocity profile is shown in

Fig. 1.
If we define
R% dp
= - —— 5
Up 84 oz (5)
then equation (4) may be written
U =uvy + vp. (6)

The form of equation (6) suggests a transformation
into a coordinate frame moving with velocity v,
relative to the laboratory frame. Denoting quantities in
the moving frame with primes, we have

v =10— vp= 0, 7)

that is, velocities in the primed frame are on the average
due to molecular effects only. We may also decompose
equation (6) into

Uy = g + Up (8)
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for each gas species since equation (8) may be regarded
as the definition of v;,. Note that combining equation
(8) for both values of i reproduces equation (6). In the
primed frame we next apply the diffusion equation
given in Hirschfelder et al. [15]

nJy —nJ) =_5_ by + py nmm
n*D,, oz\p p p
dlnp  nym, (p
« —2 _

— X, —n X| - n, X, 9
oz oo \m, 1 — hdy —n, 2) 9)

where D, is the binary diffusion coefficient between
the two gases, p, is the partial pressure of gas 1, and X
is the external force/molecule exerted on gas i. Here we
have neglected the thermodiffusion term and in-
troduced the number fluxes J; = n), with n; the
number density of gas i. In this case the only external
forces are those exerted by the walls of the capillary
tube due to collisions. Since Knudsen diffusion in-
volves only gas-wall collisions, we may derive a form
for the X’s by considering the Knudsen formula {16]
for a single gas

Dy 0p;
kT 0z

Jio = (10)

which has been generalized from [16] to include non-
uniform temperature effects. Here J,, is the flux of
molecules of gas i relative to the wall, and Dy is the
Knudsen diffusion coefficient

2
Dy = SR’ (11)

with

oih = 8—1(—’1; 1/2.
! m;

Balancing forces on a cylinder of gas i then gives
1dp; kT Jy

i .

n; 0z nDx

(12)

(13)

In order to apply equation (13) to the mixture problem
at hand, we need the flux of gas i relative to the wall
expressed in primed variables. From equations (7) and
(8) we obtain

Jio = Jio + mvp = (J; — nwp) + nwp = J;. (14)

Inserting equations (13) and (14) into equation (9)
gives

Yo

— i,

T
T
!
i
!
]
V=0 V, v

F1G. 1. Mass average velocity profile for flow through a
capillary tube.
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n’Dy, p 0z pDi '
3
_ i [—” X, — nzxg}. (15)
pp {0z

The term in brackets is zero since without viscous
effects (in the primed frame) the net pressure gradient
must balance the total force exerted by the wall.
Consequently equation (15) may be rearranged to read

DlK
nD,,

Dix ops

Jo=—
! kT oz

+

(nyJy —nyJy). (16)

Applying the transformation (7) back into the lab
frame then gives

D
+5K%h—mhlﬂﬂ

noy,
The companion equation to equation {17) may be
obtained by interchanging indices since the gases are
formally equivalent

D
+ =2 (n,J; — nyly).

18
nD,, (18)

Equations for a porous medium may be obtained
from equations (17) and (18) by multiplying through
by ¢ and defining

and (19)

_ 9K’

FTTR

Omitting the subscript p for clarity, the final equa-
tions are then

¢D Opy  nmxdp

kT 0z pu 0z
D
+ =5 (n,J, — nyJ;) (20)
nD,,
and
J. — _ 9D 0p; nax0p
2 kT oz u 0z
D
+ =2 (nydy —mJy) (21)
nD,,

where now the J’s are ‘filtration’ fluxes, i.. averaged
over the porous material. Note that equations (20) and
(21) are consistent with the decomposition used in
equation (8). Also, tortuosity effects have not been
specifically included but are implicit in the formalism
since both Dy and k are measured quantities.
Considerable insight and confidence may be gained
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regarding equations (20) and (21) by examining two
interesting limits:

(1) Single gas
Here we put n, = J, = 0 to get the single equation

(22)

Since « varies roughly as R?, we see that for R — 0 we
recover the Knudsen limit

Dk p,
J, = — == 23
! kT oz @)
and for R — ~ we recover Darcy’s law
X
bip = — — 2L (24)
u 0z
where we have defined the Darcy velocity by
Jy
Uip = Z (25)

(2) Binary diffusion limit

In the limit of large pore size, high porosity and low
flux, we may put dp/éz = 0and ¢ = 1 in equation (20)
and multiply through by nD,,/D ¢ to get

nDy,Jy
D

nD,zaﬂ
kT oz

nJd, —nyJ, = (26)
As R — o the first term on the RHS vanishes [c.f.
equation (11)] and equation (26) may be written

"xJz—”z-’l_D & [n,
n? T ez \n

which is the standard form of the diffusion equation
found in Hirschfelder, Curtiss and Bird [15] for con-
stant total pressure and no external forces. Thus as the
porous medium vanishes, the standard diffusion equa-
tion is recovered as expected.

27

3. NON-DIMENSIONALIZATION

We first wish to non-dimensionalize all quantities in
equations (20) and (21). All vapor properties are
normalized to the reference conditions ng, po, T, which

are related by
Po = nok T, (28)

Introducing a characteristic length I, we thus define

H=—, (29)
Ro

p=r, (30)
Do

LT

y 31
T, (31)

and
;= % (32)
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The axial variable z has been replaced by r since a
radial pore coordinate is no longer needed. The
equation of state for each component is thus

p.=nT. (33)
In addition we define
. Jil
= (34)
énoDy5(po, To)
- D , T
= 120, T) (35)
Dy2(po. To)
and
~ Dy (T
By = DT (36)
D(Ty)
together with the parameters
Dy (T
n = tK( 0) (37)
D 5(po, Tq)
and
Pok
=, (38)
pdD5(po, To)
Equations (20) and (21) then become
_ Dy 2p, . Op
hE=omer g Ty
+ 1y = (1, d, — Ay Jy) (39)
and
k4 - EZKaﬁZ_éﬁ eﬁ
2T TRy Ty
+ M zx (ﬁzjx - fJ,). (40)

4. DRYING EQUATIONS

We will now specialize equations (39) and (40) to
apply specifically to drying problems. Figure 2 shows a
porous medium extending to the right from 7 = l ina
general curvilinear geometry with an evaporation front
at F = F. We replace the indices 1 and 2 by v (water
vapor) and a (air) respectively. Since air cannot
penetrate the front we have J, = 0 immediately.
Equations (39) and (40) then reduce to

- Dy 0p op Dy .-~
J = - 2 Y ER — — v IR naJV 41
VST G T T p, (1)
and
D.x p, op Dy -~
0= —p, == 2 F, = 2K g J,. @2
r’a T ﬁf éna 8’7 + na ﬁDva na v ( )

If we now multiply equation (41) by #,, equation (42)
by #, and add, we get
ap J
_!1 = - 1.2 : ~ ~ (43)
oF (/T"%) + SR, + SA,)
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where we have used [c.f. equations (11), (12) and (36)]
5VK=DaK=T1/2 (44)
and have defined

1/2
s=" _ ('"_> ,
Na m,

Rearranging equations (41) and using equation (44)
gives

(43)

5, 71205  Th, .
ST Th 5 4

ap, T2
Py J h g
nD,,

o w " om, O

Equations (43) and (46) are the basic working
equations for drying problems. With the addition of a
continuity equation, they may be solved as a two-point
boundary value problem with boundary conditions

’f=pi‘“”} ati=1
Pv = Pvo

and @7

ﬁv = ﬁvap at 7= Ff

where p,,, is the equilibrium partial pressure of water
vapor in the presence of liquid water, and p,,,, is the
total pressure (usually atmospheric) at the drying
surface.

The nature of equations (43) and (46) may be more

fully understood by further specializing to the isother-
malcase T = T in planar geometry. In that case J,
J,o (a constant) is the continuity equation, and 1f we
approximate S by unity, then n, = 5, = n and we may
obtain analytic solutions. Numerical solutions show
the results to be essentially unaffected by the change
from § = 1.25t0 § = 1. Now equation {43) integrates
directly to

TXfZ T1/2 2
=T )
4 4
27T 112
- _"O_c(f - 1):l (48)
4
where p = 1 has been used as the 7 = 1 boundary

condition. The binary diffusion coefficient for air and
water vapor is given by [17]

, T 1.81
D,, = 2302 (”—><F> x 1075 m?s"!
P

DRYING
ATMOSPHERE

/ Fo- P
Ry =Pyo

-
FLUX
B.p FRONT
atm MOTION

¥=0 =1 T=T

FiG. 2. Schematic of typical drying problem with boundary
conditions.
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where
p =098 x 10° Nm™?2
T = 256K

(49)

so that
D, = T'#1/p

Then with the same approximations, equation (42)
may also be integrated to yield

1
i, = Eexp[ a0 - 1]

T i 1)] (50)

0.81
Tc

where /i, = 1/T, has been used at 7 = 1. We now
analyze equations (48) and (50) in three limiting cases:

(a) Large flux |T,0| > L.

This case arises due to either high pressures
{A(F;) » 1] or high permeabllmes (& >» 1). Since p(F) >
1 and ¢, # are positive while J, is negative, it follows
that 7,(7) satisfies the inequality

A,(F) < % [exp .{)81 (F— 1)]. (51)
Thus in this case 7, decays quickly to zero as we move
into the material, i.e. most of the pore space is pure
water vapor. This arises from the large flux of water
vapor ‘expelling’ the air due to molecular collisions
(binary diffusion). In this case ignoring the air com-
ponent altogether, as has often been done [5, 6. 10] isa
good approximation. Since the gas component at 7 =
f¢ is all water vapor, we may now solve equation (48)
for J,,

o ¢ TN
J“’“zTc(r}—l)[(H : )
r,"j"l,'l 2
—(ﬁvap+ ; )] (52)

When p,,, » 1 and ¢ > 7, equation (52) becomes

; _ P
Y NCAREY

(53)

which is the approximate non-dimensional form of
Darcy’s Law for this problem. On the other hand, if the
permeability is low

12
({ - 0, Té > Prap 1)

then equation (52) becomes

5 _ __ MPup
v TI2 @~ 1)

~
|

(54)

which is the approximate form of the Knudsen dif-
fusion equation. The striking difference between equa-
tions (53) and (54) is the power of p,,,. In the Darcy
flow case, the flux is proportional to pZ,,, whereas for
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Knudsen diffusion it is proportional to p,,,. Since p,,,
is a strong function of temperature, the two mech-
anisms will exhibit considerably different tempera-
ture dependences.

(b} Knudsen limit, £ - 0

Since k¥ o R? while # x R, as the pore size R
decreases, n/é — oo. In this limit we may expand
equation (48) to read

ToTi2G-1)

p=1-—"" (33)

Consequently in the Knudsen limit the pressure is
linear with 7. Note that for large p equation (55) agrees
with equation (54), but equation (55) is also valid for
pressures p approaching unity. Equation (50) becomes
(for £ -~ 0)

1 ~ -
H, = Fexp[Jvo(f - 1)T;°81.

c

(36)

For large fluxes, #, vanishes inside the porous medium
as before. However for small J,,, we may expand
equation (56) to give

Ay = 1T, + Jof = DTS 181 (57)

and using equation (55),

W= — Jo(F — 1)(?;1»81 + n"Tlg"l)' (58)
In this case the gas near the evaporation front may be
nearly all air, but a simple model for Knudsen diffusion
which neglects the air is still valid. This may be seen by
evaluating equation (58) at ¥ = 7 with  « 1 (implied
in the limit ¢ - 0) to get the Knudsen limit

NPap
(7 — DTI?

jv(): -

(59)

(c) Diffusion limit

As the pore size R increases at constant temperature,
a point is reached where the porous medium no longer
offers resistance to the moving water vapor. At that
point the flux is limited by binary diffusion of water
vapor through the air. We investigate this limit by
taking £ —» = in equation (48) to get

T -1
o

It is clear from equation (60) that for large ¢ and
moderate fluxes the pressure approaches 1 everywhere.
Inserting equation (60) into equation (50) and taking
n — = along with ¢ gives

p=1 (60)

1 - .
iy = o exp [TolF = DT0%1]

1 S -
st Tolf = DTS (6D
as in the Knudsen case, but now
Ay~ = Jo(F — 1) T 18! (62)
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and
~ 770 .81
T . pvap Tc

= . 63
(fe = 1) ©3)

vOo ™

5. NUMERICAL SOLUTIONS FOR A STATIONARY FRONT

We now revert back to equations (43) and (46),
which require numerical solution, and will compute
the flux of water vapor emanating from a stationary
evaporation front. We will again consider the planar
isothermal case, but will allow S to be the correct value
(1.25 if we approximate air as being entirely N,).
Boundary conditions are given by equations (47) with
Pvo = 0 (dry boundary) and p,,, = 1. The solution
method requires an iterative procedure which starts
with a guess for J . Solutions are then obtained for 7,
and pusing a marching integration starting from 7 = 1,
where boundary conditions are known. The resulting
value of p, obtained at 7 = 7; is then checked against
P.ap and a correction made in J o for the next iteration.
The number of iterations necessary varied from 3 for
low flux problems to 50 or more for high flux problems.
For concreteness in the following calculations, we will
take ¢ = 025, 7, = 2,py = 1 bar (10° Nm~2) T, =
300K (27°C), 10 =2 x 10" *kgms™ ', and D, ,(p,, Ty)
= 3 x 107° m? s~', while varying temperature and
permeability. The pore size R will be estimated from
the capillary formula (19)

8r \! 7?2
R={Z) "
%)

The resulting profiles for the case T = 70°C (T =
1.143) are shown in Fig. 3 for permeabilities ranging
from 107!® to 107'* m? Notice that as the per-
meability is raised the pressure approaches unity
everywhere and thus the number density profiles
approach the diffusion limit results. For this low
temperature case, the gas is mostly air and in fact as we
approach zero permeability (and thus zero flux) the air
density approaches that of the outside atmosphere
everywhere within the pores. At higher temperature
(Fig. 4) the fluxes are high enough to begin pushing air
from the pores until at x = 107 '% m? the gas is almost
all water vapor. The behavior illustrated in Figs. 3 and
4 is basically identical to that portrayed analytically in
section 4.

Next we examine the temperature dependence of the
flux by plotting 7, vs T for different permeabilities in
Fig. 5. As the permeability is increased, the values of
the flux in the regions below and above 100°C (the
boiling point for this example) behave quite differently.
Below 100°C, the flux saturates (as it must) to the
diffusion limit which would apply if there were no
porous medium at all. Above 100°C, however, thereisa
constant pressure gradient which, with a decreasing
flow resistance, gives an increasing flux. Consequently,
for permeabilities = 10~ '? m?, there is a large increase
in flux as one crosses the boiling point. In fact, for k =
10~ 12 m? (the permeability of tight sand) a 2°C change

(64)
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T T
—/
_/
_/ ______
P
1.0 femmme=— —
P LEGEND
=St x(m2) SYM FLUX § 7
T ~~me " 10-'3—— -.388 66. 23.5
Wa 10718 ——— -.250 .66 2.35
“16 e~ —
05 b 10 136 .066 .74
T=70°C
?'-V
0.0 - :
1.0 1.5 2.0

=

Fic. 3. Density and pressure profiles for an isothermal drying
problem at 70°C. F = 2 is the evaporation front position.

in temperature at 100°C gives an order of magnitude
increase in flux. This result corresponds with the
intuitive notion of ‘boiling’, and is commonly invoked
in calculations by assuming a vapor region boundary
which follows the boiling temperature. However, as we
approach values of x in the range <107'5m? (the
permeability of many common rocks, including tuffs,
granite, etc.), we see that no abrupt change occurs at
100°C. This is because for low permeabilities the flux is
not diffusion limited below 100°C, and consequently
the character of the vapor transport remains the same
as the boiling temperature is crossed, i.e. forced flow. It
therefore follows that calculations involving low per-
meability saturated materials above the boiling point
should be done using a correct vapor transport model.
Furthermore, for such problems the evaporation front
(if there is one) will not necessarily follow the boiling
isotherm.

LEGEND
«(m?) SYM FLUX & 4
10713 —— -34.2 66. 235
10714 == -5.46 6.6 7.4
10715 @eae ~1.72 66 2.35

10718 wmeee -9 066 .74

T=110°C

F1G. 4. Density and pressure profiles for an isothermal drying
problem at 110°C. 7 = 2 is the evaporation front position.
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1000

LEGEND

x =107 m?
10718 4
10-15
1014
10713
10-12

1071

poormE e

1072 L N N 1 P

50 60 70 80 90 100 110 120 130 140 150 180 170 180
T(°C)

F1G. 5. Flux of water vapor from a stationary evaporation
front vs. sample temperature (uniform).

6. EVAPORATION FRONT MOTION

We now turn our attention from the detailed
transport mechanisms in the vapor region to the
motion of the evaporation front itself. Since in this
paper motion of the liquid phase is not being con-
sidered, the front moves only when the liquid changes
phase, i.e. evaporates. Mass balance at the front thus
gives the following simple formula for the front velocity
u:

J,m
U= — ﬁ (65)
This non-dimensionalizes to
d=—yJ, (66)
with
? = noDy3(Po, Tomy/a,p, (67)

where a, is the thermal diffusivity to be introduced later
in connection with the heat equation.

If we assume that vapor motion proceeds on a time
scale short compared with front motion (v, » u), then
the water vapor flux J, obeys the steady state con-
tinuity equation in 1-dim.

10 m 3 0 63
L0 (i)
e L (68)
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where m is the geometry indicator

0, planar,

Solutions to equation (68) are

(69)

Jrm =T,

where ]vo is constant in space but varies with time
through its dependence on the front position F;.
Combining equations (66) and (69) gives an equation
of motion for 7;

e Ml (70)

We may determine the form of J,o(7;) for the case of

constant temperature by returning to the derivation of
the approximate equations (48) and (50). In these
equations the term J,,(F — 1) was obtained by in-
tegrating J, , over the interval 1 to 7. We may generalize
this procedure by replacing J,, by J,o/r” [equation
(69)] and repeating the integral to get

' Fr—1 m=0
J O dF=Jox|lnF m=1 (71)
1 T 1

1l——- m=2

Notice that equation (48) evaluated at F = 7; shows
dependence on # only in the term J,, (7 — 1) since
P(F¢) = Pyap- Thus in equations (53), (54), (59) and (63),
we may replace J,(7; — 1) with the expressions in
equations (71) evaluated at 7 = 7, so that regardless of
the dominant transport mechanism involved,

G-1)"" m=0

(InF)~!

1 -1
Ty

Here /; = | represents the position of the drying
surface and C depends on temperature, £, n, etc. but not
on 7 ort.

There are now two classes of problems to solve
which we will denote exterior and interior evaporation.
In the former case, an object of finite size is dried from
the outside; in the latter case (interior), an infinite
domain with a finite sized cavity is dried from the
inside out. Of course, the case m = 0 is neither exterior
nor interior. We now present solutions to equations
{70} and (72) for the five cases

Jyolfe) = C x (72)

(a)m=0

Fr=1+ (= 2yCP)'2 (73)

~ D S
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and

. -C\'?
Jo=—(—=] . 74

Notice that in this case the flux decays with time as
t~17 as the front erodes farther into the material.

(b) Exterior evaporation,

m=1
This case is that of an infinitely lon

from the outside. Here J,, > 0,C < 0

implicit result
. [L+&HCr\'?
7\l - 2In7;

T —_
Jyo =

and

Inf;’
Since #; < 1, J,, decays quickly as the front ap-
proaches the origin.

(c) Exterior evaporation, m = 2
This is the case of a sphere dried from the outside.
Again J,, > 0,C < Oand the front position is found by
solving the cubic equation
28 -3 + 1= —6Cr (77)
with

- C

Joo = TN
(1-%)
e

Again J, decreases dramatically as /; — 0.

(78)

(d) Interior evaporation, m = 1

Here we have drying from an infinitely long cylindri-
cal cavity of radius 7 = 1 into an infinite medium. Now
J.o < 0,and the equations are identical in form to (b)

above
1+ 4yCr\!72
fo=|—— 79
't <1—2lnff) (79)
and
Jo=—. 80
v0 lnff ( )
Although equation (79) is not useful near

In 7, = 1/2, we see that for long times both 7, and J
decay somewhat slower than the m = 0 case.

(e) Interior evaporation, m = 2

This case corresponds to drying from a spherical
cavity of radius r = 1 into an infinite medium. We have
Joo < 0, C < 0 and r; is determined from [same
equations as (b)]

2f — 3 + 1 = —~6yCt (81)
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with
- C
Jo = . (82)
1
(t-3)
e
We see that for long times
Fr > (=3yCD)'~° 83)
and
Jo=C. (84)

The latter two cases are particularly relevant to
problems arising from the disposal of nuclear waste in
geologic formations, since a heat-producing waste
canister is implanted into small cavity within a
larger formation. The water-bearing rock may then
dry with an evaporation front moving outwards from
the canister. Equations (80) and (84) imply that, for a
cylindrical cavity, the flux will initially decay some-
what slower than the planar case until the front is
sufficiently far away from the canister. At that point
since the cavity is of finite length, the problem may
become more spherical than cylindrical. The flux of
vapor into the hole may then approach a constant
[equation (84)]. This effect arises from purely
geometrical considerations, since the evaporation
front area grows as the front recedes. A nearly
saturating flux apparently related to the above theory
has recently been seen in a heater test in tuff [18].

7. RESULTS FOR NON-ISOTHERMAL
TRANSIENT PROBLEMS

We now lift the isothermal restriction and solve the
full set of equations (43), (46), (47) and (70) together
with the heat equation. The primary motivation for
doing this is to study the motion of the evaporation
front relative to that of various isotherms.

Denoting the vapor region (r < r;) by v and the
liquid region (r > r¢) by 1, and assuming a constant
conductivity in each region, the heat equation for the
matrix plus vapor is

or  a, 0 oT
=" 85
o ror <r or > (85)
and that for the matrix plus liquid water is
oT o 0 aT
— == 86
o rmor < or ) (86)
The matching condition at the evaporation front is
oT oT
k| —k,—| = —LJ 87
1 ar X v ar X vy ( )

where the k’s are effective thermal conductivities of
matrix plus fluid and L is the latent heat of vapori-
zation. Equations (85) and (86) non-dimensionalize to

oT 10 oT .
== "
ot F™OF oF ®8)
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in the vapor region and

oT 10 oT
-(B) (s (#9)
ot a, ) 7" OF or
in the liquid region. Here we have defined
-~ ot
The matching condition is
oT k\oT J
— =)= = - 622, 91
oF |, (k,) oF |, F" o1
where
6 — L¢Dva(p0’ TO)nOmv. (92)

kiTo

Numerical solution of the above equations on a
finite difference grid begins with a determination of the
flux J,, for some initial evaporation front position.
Consistent with assumption (7) in section 1, this is
accomplished in the same manner as for a stationary
front, as was detailed in section 5. The temperature
field is next advanced in time using a fully implicit
space-centered scheme which incorporates the match-
ing condition (91) at the first mesh point below the
evaporation front position. The time step is completed
by explicitly advancing the evaporation front position
according to (70). For sufficiently small time steps, it
may be shown that the order of the above calculations
is immaterial.

Next we present solutions of the entire suite of
equations for a selection of problems of interest. For all
calculations in this section we will use L = 2.253 x 108
Jkg Lk, =k, =15Wm 'K Lo =a =51 x
10""m?s ! and p,, = 1000 kg m~? (the values for k
and « are for welded tuff). Thus we have = 0.028 and
y = 0.044.

The first problem is that of a front initially at 7 = 1
moving in the positive 7 direction. The temperature is
initially setat T = 1 (300 K)and at = 0 the boundary
temperature at 7 = 1 is raised to T = 1.277 (383K)
and held there. Figure 6 shows isotherm and evap-
oration front position vs time for the planar case with «
= 1079 m? Notice that the evaporation front tem-
perature remains constant to good accuracy. This is
consistent with the assumptions of many authors, [8,9,
10, 19] that the front follows an ‘evaporation tempera-
ture’ isotherm. This phenomenon arises somewhat
accidentally, since for this particular temperature
boundary condition and geometry, #/t'? is a similarity
variable [17] and the evaporation front also follows a
17 Jaw. This result is contrasted in Fig. 7, where the
same calculation in spherical coordinates shows the
evaporation front crossing isotherms. In this case the
isotherms move more slowly than does the evap-
oration front due to the spherical geometry.

One other case where the front follows an isotherm
occurs when the permeability is large and the iso-
therms propagate quickly into the medium. Here the
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FIG. 6. Isotherm and evaporation front position vs time. Planar case with x = 10716 m2

evaporation front stays at or near the boiling point, as
shown in Fig. 8. This run is for spherical geometry
where it was seen in Fig. 7 that the front is normally
non-isothermal. Figure 8 shows results for k =
1072 m? and a high heat flux boundary condition,
and the large slope of flux vs temperature (see Fig. 5)
causes the front to oscillate stably around a tempera-
ture near the boiling point; for if the front were to

outrun the isotherm, a drastic reduction in flux and
front velocity would occur, allowing the isotherm to
catch up. Similarly, the isotherm cannot far outrun the
evaporation front without the large increase in flux
allowing the front to catch up. Even at high per-
meability, however, this condition will not occur unless
the boiling isotherm is being driven into the material
faster than the front tends to recess.

T T T T
3
2 |—
¥
—
—— T=80°C
—— - a T =90°C
—— —a T =
1~
0 i i —_— I
0 5 10 15 20

-~

F1G. 7. Isotherm and evaporation front position vs time. Spherical case with k = 107 1® m2,
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FiG. 8. Isotherm and evaporation front position vs time. Spherical case with high heat flux boundary
condition and k = 10”2 m?

8. CONCLUSION

A formalism has been presented for the solution of
evaporation front drying problems. The formalism is
kinetic theory-based and includes both diffusion and
viscous flow of a binary gas mixture through a porous
medium. Previous simple treatments which ignore the
presence of air in the pores are recovered as limits of the
more general theory and are shown to be valid
approximations in certain cases.

Solutions presented of water vapor flux versus
temperature for a stationary front show that the
concept of ‘boiling’ is of limited usefulness for materials
of low permeability (below 10~ !4 m?), while still
retaining its normal interpretation for high perme-
ability materials. This is important for heat transfer
calculations done on tight saturated geological ma-
terials in which the boiling point is exceeded, and
demonstrates that for these cases the assumption of
vapor only for regions with temperatures above the
boiling point may not be valid.

When the motion of the evaporation front is in-
cluded toether with sample constant temperature
solutions for the vapor region, useful information is
obtained concerning the effect of geometry on the
water loss rate. The latter decreases proportional to
t~ 12 for the planar case, and for drying occurring from
a cavity, more slowly in cylindrical geometry, until for
spherical geometry it approaches a constant. This
occurs because the area of the evaporation front
increases to compensate for the lower flux as the front
propagates into the material. This result is significant
and indicates that a dried spherical cavity in an infinite
medium will, after a certain period of time, develop a
water inflow rate which remains constant indefinitely.

Finally, solutions are presented for the motion of
isotherms and evaporation fronts for a transient drying
problem with the heat equation included. Although
the planar case (with an initially constant temperature
suddenly raised and then held constant at the drying
boundary) shows an isothermal evaporation front, this
is not true as a general rule. Other calculations done in
spherical geometry or with other boundary conditions
on temperature show that the evaporation does not
stay at an ‘evaporation temperature’ but in general
crosses isotherms.
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TRAITEMENT THEORIQUE DE L'EVAPORATION. FRONT DE SECHAGE

Résumé—On présente un formalisme pour I’écoulement forcé et la diffusion d’'un mélange binair gazeux a

travers un milieu poreux. Les équations sont privilégiées pour traiter la région de vapeur d’'un matériau

poreux en cours de séchage avec un modéle de front d’évaporation. On présente des solutions pour différentes

permeéabilités et températures; elles donnent les conditions pour lesquelles I'air est présent dans les pores et

elles permettent d’étudier l'utilité du concept “d’ébullition” pour le séchage de matériaux faiblement

perméables. Le mouvement du front d’évaporation et la perte en eau sonte examinés pour différentes
géométries curvilignes, 4 la fois analytiquement et numériquement.

THEORETISCHE ABHANDLUNG UBER DIE VERDUNSTUNGSFRONT BEI DER TROCK-

NUNG

Zusammenfassung—Es wird ein allgemeines Verfahren fiir kombinierte Diffusion und erzwungene
Strémung eines bindren Gasgemisches durch ein pordses Medium beschrieben. Die erhaltenen Gleichungen
werden dann spezialisiert, damit sich der Dampfbereich des pordsen Mediums behandeln 14Bt, das
entsprechend dem Modell einer zuriickweichenden Verdunstungsfront austrocknet. Die L&sungen fiir
verschiedene Durchlissigkeiten und Temperaturen zeigen die Bedingungen auf, unter denen sich Luft in den
Poren befindet, und erlauben es, die Anwendbarkeit des “Siede”-Konzepts auf die Trocknung von wenig
druchlassigen Materialien zu beurteilen. Bewegungen der Verdunstungsfront und Wasserverlustrate werden
sowohl analytisch als auch numerisch fiir verschiedene gekriimmte Geometrien untersucht.

TEOPETUYECKOE UCCJIIEJOBAHHE IMPOLIECCA CYUWKH MPHU 3ATJTYBJIIEHHUHA
SPOHTA HUCITAPEHUA

Annoramms—IIpeioked ofbwuii MatemaTHueckMii GoOpMaTu3M I8 ONHCAHHA OJHOBPEMEHHBIX
npoueccos Anddy3MH U BBIHYXKACHHOTO TEYEHHA cMecH OMHAPHOTO rasa uepe3 MNOPUCTYXO Cpefy.
[Mosy4eHHbIE ypaBHEHHS 3aTEM HCNOJBL3YIOTCS s ONKCAHHA TEYEHHS Tapa B MOPHMCTOM MaTepHane,
Cywka KOTOPOro MPOBOAMTCA B COOTBETCTBHH C MOJENbI0 3araybiienus ¢dponTa MCHapeHHs. Pewenus,
[OJIyYeHHblE Ul PA3/IMYHbIX 3HAYEHUN NpOHMUAEMOCTed H TEMIEPaTyp, MO3BOJISIOT ONpEeNeiuTh
YCIIOBUS, TIPH KOTOPBIX B IOpax INPHCYTCTBYET BO3JyX, YTO [a€T BO3MOXHOCTH paccMaTpUBaTh
NPUMEHHMOCTb MOHATHS  KHIIEHHE ~ K CYLIKE MAaTepHaJloB C MaJIOH NMPOHHIAEMOCTbIO. AHAJIUTHYECKH
H YHUCJIEHHO MCCIeQyIOTCs MepeMelieRHe (pPOHTAa HCIAapEeHHs M HHTEHCHMBHOCTh MCMAPEHUs BOJbI
IS PA3IHYHBIX KPUBOJHHEHHBIX r€OMETPHH.



